Berry-Esseen bounds and almost sure CLT for the quadratic variation of 

the bifractional Brownian motion 

Soufiane Aazizixl and Khalifa Es-Sebaijo 
Universite Cadi Ayyad 



Abstract 

^N ■ Let _B be a bifractional Brownian motion with parameters H G (0, 1) and K <E (0, 1]. 

_ For any n > 1, set Z„ = J^'^Zo [n^"'' iB(^^+l}/n - A/„)' - E {{B.+i - B,f) ] . We use 

^Sl \ the Malliavin calculus and the so-called Stein's method on Wiener chaos introduced by 

\^ • Nourdin and Peccati [11] to derive, in the case when < HK < 3/4, Berry-Esseen-type 

bounds for the Kolmogorov distance between the law of the correct renormalization Vn 

of Zn and the standard normal law. Finally, we study almost sure central limit theorems 

f~^ ' for the sequence Vn- 
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O 






o 
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1 Introduction 
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^f) [ Let B = {Bt,t > 0) be a bifractional Brownian motion (bifBm) with parameters H G (0, 1) 

and K G (0,1], defined on some probability space {Q,T,P). (Here, and everywhere else, 
we do assume that T is the sigma- field generated hy B.) This means that B is a centered 
Gaussian process with the covariance function E[BsBt] = RH,Kis,t), where 



^ ; RhMs, t) = ^ ((t^^ + s^^f - \t - sr'^) . (1.1) 

The case K = 1 corresponds to the fractional Brownian motion (fBm) with Hurst parameter 
H. The process B has no stationary increments, but it has the quasi-helix property (in the 
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sense of J. P. Kahane), 

2-K\t _ s|2^^< < E (\Bt - B,\^) < 2''''\t - s|2^^, (1.2) 



so B has 7— Holder continuous paths for any 7 G (0, HK) thanks to the Kolmogorov-Centsov 
theorem, and it is a self-similar process, that is, for any constant a > 0, the processes 
{Bat, t > 0) and {a Bt, t > 0) have the same distribution. The bifBm B can be extended 
for 1< /^ < 2 with H £ (0, 1) and HK G (0, 1) (see P). We refer to |8l[l3l[6l[9] for further 
details on the subject. 

An example of interesting problem related to B is the study of the asymptotic behavior 
of the quadratic variation of B on [0, 1] defined as 

n-l 

Zn = Yl [n'"''{B^i+iyn - A/n)' - IE {{B,+i - B,)^)] , n > 1. 
i=0 

Let us consider the correct renormalization V^ of Zn given as, 

Vn = , ^" ■ (1.3) 

^Yar{Zn) 

Recall that, if 1", Z are two real-valued random variables, then the Kolmogorov distance 
between the law of Y and the law of Z is given by 

d^^,{Y,Z)= sup \P{J <z)-P{Z<z)\. 

—oo<z<oo 

In the particular case of the fBm (that is when K = 1), and thanks to the seminal works of 
Breuer and Major [3], Dobrushin and Major 0, Giraitis and Surgailis [7j and Taqqu [H] . 
it is well-known that we have, as n — )• 00: 



If < i? < I then 



UH = 1 then 



UH > I then 



^" 'nAA(0,l) 



crnVn 

Vn law 



aH^/nlog{n) 



M{0,1). 



Vr,. 



2H-1 



— 7- Z ~ "Hermite random variable" . 



n 



Here, an > denotes an (explicit) constant depending only on H. Moreover, explicit 
bounds for the Kolmogorov distance between the law of Vn and the standard normal law 



are obtained by [IH Theorem 4.1], [3l Theorem 1.2] and |10^ Theorem 5.6]. The following 
facts happen: For some constant ch depending only on H, we have: 



/' j_ 



dKol{Vn,M{0,l)) <CHX < 



n 



if H G (0, 1) 

4^-3 a He ill) 



(logn)^/^ 



1 



vTogn 



if F 



On other hand, Bercu et al. [2] proved the almost sure central limit theorem (ASCLT) for 
Vn- Recently, Tudor [15] studied the subfractional Brownian motion case. 

Let us now describe the results we prove in the present paper. First, in Theorem 13.1 



we use the Malliavin calculus and Stein method, in the case when HK E (0, |], to derive 
explicit bounds for the Kolmogorov distance between the law of Vn and the standard normal 
law. Precisely, three cases are considered according to the value of HK: 



dKol{Vn,^f (0,1)) < CH,K X 



n 



n 



2HK 



if HK G (0, i] 
iiHKe[^,l) 



y/logn 



liHK 



where ch^k is a constant depending only on H and K. In Theorem 14. H we prove almost 
sure central limit theorem for Vn- 

The rest of the paper is organized as follows. Section 2 deals with preliminaries con- 
cerning Malliavin calculus. Stein's method and related topics needed throughout the paper. 
Section 3 and 4 contain our main results, concerning Berry-Essen bounds and ASCLT for 
the quadratic variation of the bifractional Brownian motion. 



2 Preliminaries 

In this section, we briefly recall some basic facts concerning Gaussian analysis and Malliavin 
calculus that are used in this paper; we refer to [12] for further details. Let .^ be a real 
separable Hilbert space. For any q > 1, we denote by i^®*^ (resp. i^®^) the qih. tensor product 
(resp. gth symmetric tensor product) of S). We write X = {X{h),h G Sj} to indicate 
a centered isonormal Gaussian process on Sj. This means that X is a centered Gaussian 
family, defined on some probability space {Q,J^,P) and such that E[X{g)X{h)] = {g,h)sj 
for every g,h £ f). (Here, and everywhere else, we do assume that J- is the sigma-field 
generated by X.) 



For every q > 1, let Tig be the qth Wiener chaos of X, that is, the closed linear subspace 
of L^(Q) generated by the random variables {Hg {X (h)) ,h^f), \\h\\f, = 1}, where Hg is the 

2 2 

qth. Hermite polynomial defined as Hg{x) = {—lYe~-^^{e~~). The mapping Iq{h®'^) = 
Hg {X (h)) provides a linear isometry between the symmetric tensor product i^®*^ (equipped 
with the modified norm || • ||^0g = y/ql\\ • H^^®?) and Tig. Specifically, for all f,g £ i^®*^ and 
q > 1, one has 

E[lg{f)Ig{g)]=q\{f,g)n^, (2.4) 

On the other hand, it is well-known that any random variable Z belonging to L'^{Q) admits 
the following chaotic expansion: 

CO 

Z = E[Z]+Y,W<i) (2.5) 

q=l 

where the series converges in L'^{Q) and the kernels fg, belonging to i^®"^, are uniquely 
determined by Z. 

Let {cfc, A; > 1} be a complete orthonormal system in f). Given / € i^®^ and g £ i^®'', for 
every r = 0, . . . ,pAq, the rth contraction of / and g is the element of s^'^iP+i-'^^) defined as 

oo 

f®rg= ^ {f,(ih®---®(ii^)^'»r®{g,ei^®---®ei^)^(sr. 

il = l,...,Jr = l 

In particular, note that f ®o g = f ® g and when p = q, that f (dp g = {f,g)s3<sp- Since, in 
general, the contraction / CS^ 5 is not necessarily symmetric, we denote its symmetrization 
by f^rg £ i^Q(P+'?~2r)_ -^Yhen / G i3®'^, we write Iq{f) to indicate its qth. multiple integral 
with respect to X. The following formula is useful to compute the product of such multiple 
integrals: if / G Sj®P and g G i^®*^, then 



WMg) = >:^! ip+,-2rimrg). (2.6) 




Let S be the set of all smooth cylindrical random variables, that is, which can be expressed 
as F = f{X{(f>i),...,X{(f>n)) where n > 1, / : M" ^ M is a C°°-function such that / and ah 
its derivatives have at most polynomial growth, and (pi £ f). The Malliavin derivative of F 
with respect to X is the square integrable i^-valued random variable defined as 

^^ = E^W</'l),---,^(</'n))</'^. 

In particular, DX{h) = h for every h £ S). As usual, D^'^ denotes the closure of the set of 
smooth random variables with respect to the norm 

Wnh = E[F^]+E[\\DF\\l]. 



The Malliavin derivative D verifies the chain rule: if (/? : M" — )• M is C^ and if (-Fi)i=i,...,n is 
a sequence of elements of D-^'^, then </7(-Fi, . . . , G„) G B-*^'^ and we have 

DifiFu . . . , G„) = J^ ^(Fi, . . . , Gn)DFi. 

i=l * 

Recall the following results concerning CLT and ASCLT for multiple stochastic integrals. 



Theorem 2.1 (Nourdin-Peccati jllj ) Let q > 2 be an integer and let F = Iq{f) with 
f G n®'!, then 



dUF,N)< 



\ 



E 



l--\\DF\\l 



(2.7) 



where iV~ A/'(0, 1). 



Theorem 2.2 (Bercu et al. [2]) Let q >2 be an integer, and let {Gn}n>i be a sequence 
of the form Gn = Iq{fn), with fn S T-L®'^. Assume that E[G'^] = ?!||/n||fi®9 = 1 for all n, 



and that G„ — > N ~ AA(0, 1) as n —)• oo. // the two following conditions are satisfied 

1) y~] — — 2— V! tIIA ®r /fc||fi®2(9-r) < oo for avery I < r < q - 1, 
^ n log n f-f k 

n=2 =■ fc=l 



2j y^ 1 y^ \{fk,fi)f}S>i 

h^^^s'n^j^^ kl 



then {Gn\n>i satisfies an ASCLT. In other words, almost surely, for any bounded and 
continuous function </? : M — )• M, 

1 '^ 1 

- — --S^ -Lp{Gk) ^lKip{N), asn^oo. 
log(n) ^ k 

From now, assume on one hand that X = B is a bifBm with parameters H & (0, 1) and 
K G (0, 1] and on the other hand i^ is a real separable Hilbert space defined as follows: (i) 
denote by £ the set of all R- valued step functions on [0, oo), (ii) define S) as the Hilbert 
space obtained by closing £ with respect to the scalar product 

(lM,l[0,t])f, = RH,K{s,t) = ^((i2^ + s2^)^ - |t- s|2^^ 

In particular, one has that Bt = -B(lro^tl)- 



3 Berry-Esseen bounds in the CLT for the quadratic varia- 
tion of the bifBm 

In this section, we prove that for every HK S (O, |] a Central Limit Theorem holds, where 
Vn was defined in ()I.3p . Using the Stein's method we also derive the Berry-Esseen bounds 
for this convergence. 

3.1 General setup 

Let us define 

9{i,j) = 2-^(7(i,j) +/>(^- j)), i,J G N 
where 

7(i,i) = {ii + lf'' + ij + lf^f-(i''' + ij + lf^f-{ii + lf"+f''f 

+ {^^+f^f, (3.1) 

and 

p(r) = |r + l|2^^ + |r-l|2^^-2|r|2^^, r G Z. (3.2) 

Observe that the function 7 is symmetric, p{0) = 2, p{x) = p{—x) and p behaves asymptot- 
ically as 

p{r) = 2HK{2HK -l)\r\^^^-^, |r| ^ 00. (3.3) 

In particular, X]rez/'^('") < °*^ i^' ^^"^ '^^^V i^' ^^ ^ (0' f)- 
We will use the notation 



^k/n = l[fc/n,(fc+i)/n] and a 



^E^'(^)- (3.4) 



Using self-similarity property of B and (jl.ip we deduce that 

= E{{Bi+i-B,){Bj+i-Bj)) 
= 0{i,j)- 



Hence, we can write the quadratic variation of B, with respect to a subdivision 7r„ = {0 < 
i < f < . . . < 1} of [0, 1], as follows 



n-l 

E 

fc=0 
n-l 



n^"^ (Bk+i-B^] -e{k,k) 



^[n2^^(/i(5,/J)'-0(fe,A:) 



fc=0 



n-l 



,2_H'X 



n 



/ ^ fc/n 



fc=0 



9n 



h{9n)- 



(3.5) 



Thus, we can also write the correct renormalization Vn, defined in ()1.3p . of Z„ as follows, 



K,, 



Zvri 



^2(5n) 



^/Var{Zn) ^Var{Zn) 



(3.6) 



Before computing the Kohnogorov distance, we start with the following results which are 
used throughout the paper. Here, and everywhere else, the notation an ^ bn means that 
sup„>i |a„|/|6n| < oo. 

Lemma 3.1 

i) Fixing y > (resp. x > 0), the function x — )• j{x,y) (resp. y — t- ^{x,y)) defined in 
\3. 1\) is increasing for H G (O, ^] . 

ii) For any H G (0, 1) and K G (0, 1], the function 7 is negative and we have for j large 

,2HK-2^ (3.7) 



7(0, i) 



CH,K3 
CH,KJ 



2HK-2 



If j < I then 

|7(j,OI<CH,i./^^^"^ 
where ch,k is a constant (explicit) depending only on H and K. 
Proof, i) We fix y > 0, 

^{x,y) = 2HK{x + lf^~^[{{x + lf^ + {y + lf^)^~-'-{{x + ir+y'^y 



{3.i 



(3.9) 



\2H , „.2H\K-l 



-2HKx^^~^ 



\2H\K~l 



2H , „,2H\K-1 



{x'^+{y + iy^)^~^-{x'"+y'") 



2HK 



gil + x) - g{x) 



(3.10) 



where 



5(a;) = x^^^^ (x^^ + (2/ + l)^^) 



2H\K-l 



2H I „,2H\K-1 



{x'" + y 



If H £ (O, 2] and K € (0, 1], then 7 is increasing since the function g is increasing on (0, 00) 
Indeed, 



g'ix) 



(2H - l)x 



2H-2 



\2H\K-l 



2H , „.2H\K~1 



(x^^ + (y + lf^)^-^-(x^^+y^^) 



2H , „,2H\K-2 



+2H{K - l)x^"-' {x'" +{y + lf")^~-' - (x^« + y'^y 
> 0. 



ii) To show that 7 is negative, it suffices to remark the decreasing property of the function 

p: X £ [0, 00) -^ (a + x)^ - (6 + x)^ . 

By straightforward expansion of function 7, we can easily prove (|3.7p and (|3.8p . 

If ff < i, by the first point i), the function x — )• |7(x,y)| is decreasing. Thus, we deduce 



\^{k,l)\<\^{Q,l)\^CH,Kl 



2HK-2 



li H > ^, we rewrite 7 as ^{k,l) = gk{l + I) — gk{l) where gk{x) := {{k + 1)'^^ + x"^^) 



{k^^ + , 



,2H\K 



Applying mean value theorem we obtain for some x^^i S [/,/ + !] that 



|7(A;,0I 



2HKx 



2H-1 

k,l 



{xi^+k'^)--'-{xi^+{k+irf~' 



< 2HK{l + l) 



2H-1 



2H , j^2H\K-l 

2H , i2H\K-l 



+ ^^^-'-{1^" + {k + lf'') 



\2H\K~l 



2H I „,2H\K-l 



Again by mean value theorem on y — t- (/^^ + y"^^) , we have for some y^^i G [k,k + 1] 



fl2H^f^2H^K-l 



\2H\K-1 



(Z2H^(^^1)2/.)--. =2H{K-l)yfj-' I'^' + yl 



2H-1 ,2H , „,2H 
I 



K-2 



Consequently, for k < I, 



\j{k,l)\ < AH^K{1-K){1 + 1) 

^ ^ i2HK-2 



2H-1, 



+ 1) 



2H-\ 



/2^ + A:2^ 



K-2 



and the second point ii) follows. 



D 



Proposition 3.1 Let Zn he the sequence defined in liS. 5]) and let a be the constant given by 



(3.11) 



1. Assume that < HK < |. Then, as n — )• 00, it holds 



Var{Zn) 



1. 



2. Assume that HK = |. Then, as n ^ oo, it holds 

Var{Zn) ^ 



42 K(j'in\ogn 
Proof. To show (|3.11|) . we write 



(3.12) 



1 ,T-1 

2 



42-X^^2 ~ ^ - 42-^^2 ^\-h{9n)] - 1 - 23-2A'^2 Il5n||jj®2 - 1 
AHK-l '^-l 

E 



23-2i<'^2 Z^^"fc7n'"r/nM®2 
fc,i=0 

fc,i=0 



n-1 



„2 7i — i 



k,l=0 
_X n— 1 / _]^ n— 1 \ _]^ n— 1 

fc,i=0 \ fc,«=0 y k,l=0 

= : Ji(n) + J2(n) + J3(n). 

As in the proof of [Ijj, Theorem 4.1], we have 

J2(n) — > 0, as n — ;• oo. (3.13) 

On the other hand 

_1 n— 1 

8a2 



'^i(^) = f2E^'(^'^) 



By dSSD, the sum 



fc,i=0 

-1 "-1 -1 

fc=0 0<fc<Kn-l 



_i n— 1 



•^1.1 ('^) = ■5;;2 E^^(^'^)' 



fc=0 



_i n— 1 

n 



behaves as —^ >^ k which goes to zero as n — >■ oo, because HK < 3/4. 

fe=0 

Thus, 

■^1,1 ('^) — > as ra — )• oo. (3-14) 



Now, we study the convergence of Ji,2('^)- We first fix two positive constants a and /? such 
that a + /3 = 1 and ^HK - 2 < /3 < 1. 

We deduce from (|3.9|) that 





0<Kn-l 




< 


0<Kn-l 


as n ^- oo. 


Hence, 






-^1,2 N — 


-;> 0, as n — ;> oo. 


(3.15) 


Combinine (jii.l4|) and (|i!.15|) leads to 






Ji(n) — 


7-0, as n — 7- oo. 


(3.16) 


Finallv. from (|3.16p and (|3.13p together with Cauchv Schwartz inequahtv 




\Mn)\ < ^"^hik,l)pik-l)\ 




k,l=0 






/«-i "^^ 


\ '" /„-■ »-' \ "' 




\ k,l=0 


'n v-^J'"-'] 





2v^Ji(n)(J2(n) + l) — ^0, asn^oo, (3.17) 

and the convergence p. lip follows. 

We prove now (j3.12p . Following similar argument of the proof of (j3.1ip , we have 



A^-^a^nlogn Sa^logn Z^ ' ^ ' ^ I SaMogn ^^ ^ ^ ^ 

k,l=0 \ '■• '— " 



k,l=0 



■hin) + -, J2{n) + h{n). 



log n log n log n 

From [21 page 490] we have 

J2{n) — > as n — )• oo. (3.18) 

logn 

On the other hand, since HK = | and the fact that log(n) ~ Y1T~ \ ^^ deduce easily from 
(|HT^ and (IHTTD that 

log n log n n-^oo 

10 



n 



3.2 A Berry-Esseen bound for < HK < | 

Our first main result is summarized in the following Theorem. 

Theorem 3.1 Let N ~ A/'(0, 1) and let Vn he defined by \3.6\) . Then Vn converges in 
distribution to N . In addition, for some constant ch,k depending uniquely on H and K , we 
have: for every n>l, 



( 1 



dKoliVn,N) < CH,K X < 



ifHKaiQ.U 



n 



3 

'2 It 



2^^- ifHKG[il] 



1 



, Vlogn 



ifHK 



Proof. Prom ()3.5p . we have 



n-l 



DZn = 2n^"^ y^ h{h/n)h/n, 



fc=0 



then 



n-l 



\DZn\\% = ^n^^^ y^ h{5k/n)h{Sl/n){Sk/n,Sl/n)sj, 



k,l=0 

by the multiplication formula ()2.6p . we get 

n-l 



n-l 



k,l=0 



k,l=0 k 

n-l 
= 4n4^^ ^ ^2(<Jfc/„®<5vn)('5fc/n, Sl/n)^0 + E||I)Z„| 



|2 



k,l=0 



Combining this with the fact that E||DZ.„||? = 2Var{Zn), we obtain 



\DVr,. 



2n 



4,HK "-1 



^«^(^n) ,^„ 



/ , h{Sk/n®^l/n){^k/n,^l/n)sj- 



11 



It follows that 

E 



\\\DVn\\l-l 



Var^Zn 



-E 



n-l 



y^ h{h/n'^Si/n){Sk/n,Sl/n) 



k,l=0 



8n' 



8HK "-1 



Var^iZn) 
Var^Zn 



/ , (f^i/"' ^j/n)s^{5k/n-, h/n)s^{^i/n®^j/n-, ^k/n^^l/n)^,^)^- (3.19) 



i,j,k,l=0 



-A{n) 



(3.20) 



where 



n-l 



^(n) = n' 



8HK-2 



n 



/ , {^i/n,^j/n)s) {Sk/n-,^l/n)sj {^i/n'^^j/n, h/n^^l/n)sj»^ 
i,j,k,l=0 

8HK-2 "-1 , 

/ ^ {^i/n,^j/n)s) {^k/n,^l/n)sj {{^i/n-,^k/n)il {^j /n, ^l/n)sj 



i,j,k,l=0 



+ {^i/n^ ^l/n)sj{Sj/n^ ^k/n) 



n-l 



n 



8HK-2 



7 ^ {h/n^^j/n)f) {^i/n:^k/n)sj {^k/ni^l/n)s) i^j/ni^l/n)^ 



i,j,k,l=0 



Hence, using that fact that for every a, 6 G M; \ab\ < ^(a^ + 6^), we have 



|A(n)| < 



n 



8HK-2 '"-1 



^n-1 



7 , |(^i/'^''^i/'^)^3 ('^i/"'''^fc/"')^:i| 7 A^k/ni^l/n] 



+ - 



n 



i,j,k=0 
8HK-2 "-1 



J=0 
/n-l 



7 . \{^i/n^^j/n)i3 {^i/n: h/n)f}\ 2^{^j/n:^i 



l/n/f} 



i,j,k=0 
n-l 



\l=0 
fn-\ 



n 



8HK-2 



7 > |('^j/"''^i/'^)^^ ('^i/n)'5fc/n)fl| 2^(4/n)'5«/n)j-3 (3-21 



i,j,k=0 



J=0 



12 



n—1 n—1 

1=0 1=0 

/n—1 n—1 



By dSSD and ([SSD, we obtain 

n-l 

1=0 

(n-l 
1=0 1=0 J 

(k n—1 n—l—k \ 

1=0 l=k+l r=~k / 

(k n—1 n—1 \ 

^ k^HK-4 ^ Y^ 14HK-4 + 2 ^ p2(^) 
1=0 1=1 r=0 J 

n-l 

^ l + ^;4/fX-4^ (322) 



On the other hand, by using ([22 

n-l ^ n—1 



^4HK-2 



X] \{^i/n,Sj/n)sj {Si/n,Sk/n)ri\ = " X] l'^(^' j)^(^' ^)l 
i,j,k=0 i,j,k=0 



i=0 \i=o 

^ n—1 I n—1 ,„ i 

i=0 \i=0 i=0 

Th — 1 I % Ti J. I L, J. II 

i=0 \j=0 j=i+l r=- 

^ n—1 I n—1 n—1 

i=l y j=l r=0 

^ ;^E^^""-^ + ^fE^-^"H • (3-23) 

i=i \j=i J 

By dSSID, W^ and (l3:23]l . 

^ n-l ^ j n—1 



n' ■^ — ' n , 

i=i \ j=i 



L>(n). (3.24) 

13 



UO<HK <^, 



n~l , /»i— 1 

2HK-2 



D{n) = \Y.^'^^'" + -\Y.^ 
1=1 \j= 

^ oo ^ / oo 



n^ ^ — ' n , 

1=1 \j=i 

2 
oo , / oo 

2_H'A'-2 

i=l \i=l 



^ -. (3.25) 

n 



If i < HK < |, then, by using the fact that for ah a > -1; YIk=i ^° ~ n°+V(a + 1) as 



-'-"■ ^ 4) t'ii'^ii, "J uioiiig Uiic j.a,^.u uiiciu J.UX a,ii u ^ — i , ^ "^ '^' "" 

n — )• oo, 



^ n— 1 ^ I n—1 



n^ ■' — ' n , 

«=i \ j=i 



n— 1 I n—1 

.5 



i=l \i = l 

^ n^^^-l (3.26) 



Combining (123D, (I22nD, dSH), (1^^^ and <^^, we deduce that for every < HK < |, 

dKol{Vn,N)^ 



if Fi^ G (0, i] 



,^2HX- 



^ if^^e[i,|) 



Assume now that iJK = |. From (lOB . (13:221) and ([3:23]1 together with the fact that 
Y,r=i ^~^ ~ log(n) as n — )• oo, 



i=i \j=i 



log2(n) log(n) 



c(r,\ Ui2 2^* + r, 2^-^ ' 



log(n) 
and this completes the proof of Theorem 13.11 □ 

4 Almost sure central limit Theorem 

We are going now to prove the second main result of this paper, which state the ASCLT of 
the bifractional Brownian motion and its quadratic variation. 
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Proposition 4.1 For all H G (0, 1) and K G (0, 1], we have, almost surely, for any hounded 
and continuous function c/5 : M — )• M, 



1 " 1 



log(n) ^ k 



where iV~ AA(0, 1). 



Proof. The proof is straightforward by applying [21 Thorem 4.1 and Corohary 3.7] and the 
fact that 

where B is a fractional Brownian motion with Hurst parameter HK. D 



Theorem 4.1 If HK € (Ojiji i/ien i/ie sequence (14i)n>o satisfies the ASCLT. In other 
words, almost surely, for any hounded and continuous function (/? : R — t- M, 



1 " 1 

■;^^-99(V'fc) ->Ev3(iV), asn->oo, 



log(n) ^ 

u;/iere iV~ A/'(0, 1). 

Proof. We shall make use of Theorem 12.21 From Theorem 13.11 (Vn)„ satisfies the CLT, 
so that, it remain to check conditions 1) and 2). The cases HK € (O, |) and H = ^ are 
treated separately. By ()3.6p . we can write Vn = hiOn) where 



9n 



WVar{Z„) ^^ k/r, 
^ k=l 






which implies that 

,4:HK 



We deduce that 

\\9n(^ign\\l^.=y^^^^^A{n). (4.1) 

Assume that HK G (O, |). Combining (|3TB . I^TTM . ^?2B and (l3:26]) . we have 

if HK e (0, \) 



\gn ®1 <?n||^®2 ^ (n ^ + n*^^ ^) ^ < 



n ^ 



^4HK-3 



if^^e[i,|) 
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Consequently, condition 1) in Theorem 12.21 is satisfied. 
On the other hand, by ()3.1ip . we have for fc < / 



^''^''^'^^^ = ^Var{Z,UVar{Z,) ^^^''"''^''^' 



^ ^--;^EE^^(^'^- 






- '""'^Tfi 



fc-i i-i I fc-i i-i ' 

j=0 j=0 \0<i<j</c-l j=0 j=k. 



As in the proof of [21 Theorem 5.1, page 1621], we obtain that 

fc-i i-i 



i=0 i=o 
Using Lemma l3.H we obtain 



1 /fc 

7lEE^'(^-^-)<c^,/.Vr 



;i....£.7^^--^^--/f..5;^^^"^^--^ 



0<i<j<fc-l 0<i<fc-l 

Again from Lemma l3. 11 we have 

fc-i I , fc-i « 



* 1=0 ]=k 4=0 j=l 

Combining all the above bounds we obtain 

{fk,fl)sj»2 < CH,K\I J- 

Finally, condition 2) in Theorem 12.21 is satisfied. 

Now, suppose that HK = |. It follows from (gT]), JKUh and JKTfl 

„2 fc^Iog^A; A(k) , _, , 

'^ Far^(Zfc) log^(A:) 



Leads to 



^nlog^n^fe ^ ^ralog^n^/cVbgl 



- CH,xE^— - 

n=2'^log2 n 
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To close the proof, it suffices to show that 



/ rt" lOP' / 

{9k,gi)s)e>2 <CH,K\ jj^^, yk>l. (4.2) 



According to (|3.12p . we have 

^JV ar{Zu)^JV ar{Zi) '-^ '-^ 



2 



i=0 j=0 

fc-i i-\ 






^ CH,K 



jt-l l-l / fc-1 /-I 



i=0 j=0 Vo<i<j</c-l i=0 j=k 



y/llogky/klogl 
As in the proof of [21 Proposition 6.4, page 1625], we have for all 1 < A; < / 



1 v-^ v-^ n , , k log / 



EE^^(^~-?) - ^^'-^1 



V^ log k^/k log / ^ ^ ' Y Z log fc ■ 

Using Lemma |3. II and the fact that Ylr=i ^^^ ^ logn as n — )■ oo, we deduce that 



k log I / A: log I 






V/ log fc^fc log / Q< .^^._-^ ' ' Vl^ogky/klogl ' y llogk' 

Again from Lemma |3. 11 we obtain 



which complete the proof of the Theorem 14.11 D 
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